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Introduction

During the past quarter century the development of the theory of fibre
bundles has led to a new direction in differential geometry for studying re-
lationships between curvatures and certain topological invariants such as
characteristic classes of a compact Riemannian manifold. Along this direction
the first and simplest result is the Gauss-Bonnet formula [2], [3], which ex-
presses the Euler-Poincaré characteristic of a compact orientable Riemannian
manifold of even dimension »n as an integral of the n-th sectional curvature or
the Lipschitz-Killing curvature times the element of area of the manifold.
Later, Chern [S] obtained curvature conditions respectively for determining
the sign of the Euler-Poincaré characteristic and for the vanishing of the
Pontrjagin classes of a compact orientable Riemannian manifold. Recently,
Thorpe [8] extended a special case of Chern’s conditions by using higher order
sectional curvatures, which are weaker invariants of the Riemannian structure
than the usual sectional curvature. The purpose of this paper is to further ex-
tend the conditions of both Chern and Thorpe.

In §1, for a Riemannian manifold the equations of structure are given, and
higher order sectional curvatures and related differential forms are defined.
§2 contains the differential forms expressing, respectively, the Euler-Poincaré
characteristic and the Pontrjagin classes of compact orientable Riemannian
manifolds in the sense of de Rham’s theorem. In §3, we first define some gen-
eral curvature conditions, and then use them to extend the above mentioned
results of Chern and Thorpe. The proofs of the main results (Theorems 3.1
and 3.2) of this paper are easily deduced from several lemmas.

1. Higher order sectional curvatures

Let M be a Riemannian manifold of dimension n (and classC*), and V, V'*
respectively the spaces of tangent vectors and covectors at a point x of the
manifold M. By taking an orthonormal basis in ¥, and its dual basis in V¥,
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over a neighborhood U of the point x on the manifold M, we then have a
family of orthonormal frames xe, - - -¢, and linear differential forms wy, * - + , 04
such that <e;, w;> = §;; (=1 for i = j, and = 0 otherwise), and the Rie-
mann metric is of the form

(1.1) ds? = 3 ot

Throughout this paper all Latin indices take the values 1, - - -, n unless stated

otherwise. The equations of structure of the Riemann metric are
do; = 3 w; A @iy wi; +w;=0,

(1.2) S

do;; = ; o N wr;+ 2i5n 24+ 82, =0,

and the Bianchi identities are

Z (OF] A Qj,- = 0,
1.3) H
_ dgij+ZQilc/\wkj—;wik/\-ij=0a

T -

where the wedge A denotes the exterior multiplication.
In terms of a local coordinate system u', - - -, u* in the neighborhood U let

(1.9 e = Zk] X¥ofou* .

Then

1.5) Q= -;— ‘le Sijawe N\ @,
where

(1.6) Siskt = RpgrX?X1X( X7,

repeated indices implying summation over their ranges, and R,,,. being the
Riemann-Christoffel tensor.

Throughout this paper, for indices we shall use I(p) to indicate the ordered
set of p integers i, ---, i, among 1, ---, n. When more than one set of
indices is needed at one time, we shall use other capital letters such as
J,H,R,S, --- in addition to I. Now for an even p < n, we define the follow-
ing p-form:

1
amn @1 = ;—,-5'1'5,'»’39;'11: VANERRIVAN PRSP

where () is + 1 (respectively — 1), if the integers i, - -, i, are distinct
and J(p) is an even (respectively odd) permutation of I(p); it is zero in all
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other cases. Clearly, 8,; = 2;;. These forms 0,,,,, except for constant fac-
tors, were first used by Chern in [3], [5]. For an cven n, 6,..., is intrinsic
and called the Gauss curvature form of the manifold M, and the p-th Gauss
curvature form studied by Eells [6] is closely related to ©,...,. By using
equation (1.5), equation (1.7) can be written in the form

(1.8) 91(17) =

1
5J(p)S_ . Lo S o w
5 shahy -
2p/__p' J{Z(:) 1 Jaiahah Jp-1iphp-1hpgWH(p)>
. p

where we have placed
(1.9 Brrpy = W, N\ 0 N\ Oy

For each p-dimensional plane P in the tangent space V, of the manifold M
at a point x, the Lipschitz-Killing curvature at the point x of the p-dimensional
geodesic submanifold of the manifold M tangent to P at the point x is called
the p-th sectional curvature of the manifold M at the point x with respect to
the p-dimensional P, and is given (see for instance [1, p. 257]) in terms of

any orthonormal basis e;,, - - -, e;, of P by
(1.10) Kin(P)= .S:'_lﬁ,;h’tmgs(p)}g ...R
») 2p/2p! L0 (pirirsns: Tp-1TpSP-1Sp

X.:ll . .X{:I’ /,'11 . 'X:?';; .

From the geometric structure it is obvious that K; ,,(P) is independent of
the choice of the orthonormal basis e;, -+, e, 0of P. For p =2, K;;,,(P) is
the usual Riemannian sectional curvature of the manifold M at the point x’
with respect to the plane P, and for p = n (even), it is the Lipschitz-Killing
curvature of the manifold M at the point x. By using equation (1.6), equation
{1.10) is readily reduced to

— 1)#?

(1-11) Kl(m(P) :—(mT——ﬁ'i’((/f;aﬁ(L’)')ijj:h;hg' ) 'Sjp-ljphp—~xhp ’

2. Characteristic classes

Let V be a vector space of dimension r over the real field R, and V* its
dual space. Then there is a pairing of ¥ and V* into R, which we denote
by <X, X’'>eR,X eV, X'eV*. The Grassmann aigebra of A(V)of V' is
a graded algebra admitting a direct sum decomposition

2.1 APy = NFV)+ AW + - + A,

where A7(V) is the subspace of all homogeneous elements of A (V) of degree
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r. From A (V) and the Grassmann algebra A (V*) of V* we form their tensor
product A(V)® A(V*), which is generated as a vector space by products
of the form £ ®¢&, fe A(V), & e A(V*). It should be remarked that if
&e AN(V*), ne A(V), §e A(V), 7/ e A(V*), then

2.2 ERNNGBN=EADPRE A T).

Suppose now a scalar product be given in V. We will be interested in the
subspace AZ(V)YQ A*(V*) of A(MNQA(V*). If e, -+, e, form an
orthonormal basis of V, the elements e; A --- A e, for all combinations
of iy, - - -, iy, among 1, ---, n, constitute an orthonormal basis of AZ(V),
and an element 4 of AZ(V)& AZ¥(V*) can be written in the form

(23) A= (Z) (eii VANER VAN ei2k)®$;(2k) ’

where &/, € A2¥(V*), and T denotes the summation over all the different
(%)
combinations of i, - -+, i,, among 1, ---, n. We call

2.4 1412 = 3 &lame A¥(V®)

2)

the square of the measure of A ; it is clearly independent of the orthonormal
basis €y, - - -, €,.

These algebraic notions can be applied naturally to the space V. of tangent
vectors and the space V* of covectors at a point x of a differentiable manifold
M of dimension n (and class C~). Suppose that the equations of structure of
the Riemann metric on the manifold M be given by equations (1.2). Then
introduce '

2.5 . =3 (:Ne)R®L
]
For an even positive integer p < n, we can easily find
(2.6) Q72 = (Z): flea, A\ - Nei) & (2igis\ -+ ANLip1i )]

For a fixed set I(p), from equations (2.6), (1.7) it follows that the coefficient
of the term e;, A\ --- A e;, in 2772 is equal to p! 8,,,, so that

2.7 Q”/2=P! (Z;. [, A\ - ANe)R® O]
In particular, for an even n, equation (2.7) becomes
(2.8) .Q"/2=n!(61/\-'-/\Cn)®9....ﬂ~

Thus we can formulate the Gauss-Bonnet formulas as follows (see for instance

3D:
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Theorem 2.1. Let M be a compact orientable Riemannian manifold of
even dimension n. Then the Euler-Poincaré characteristic y(M) of M is given
by the inetgral :

__ (=Dl
2.9) ) = B

From equations (2.7), (2.4) we obtain immediately
(210) I 2% 12 =:[(2k)’]2 (Z) (91(21:))z »

and therefore a theorem of Chern [5] can be stated in the following form:
Theorem 2.2. The differential form

112
26)] 2 Oriany N Gz,

2.1 —trr
(2¥k1)?(27)% D

defines the k-th Pontrjagin class' P, of a compact orientable Riemannian
manifold in the sense of de Rham’s theorem.

3. Relationships between curvatures and characteristic classes

Let M be a Riemannian manifold of dimension n, p an even positive integer
<n, and a;, = @y, i, A =1, ---, n, given smooth real-valued functions on
the manifold M at a point x. Denote

(3.1 ] AI(p).II(p) = laia'l,ﬁl (a, 8= 1L, p)>

where the rows and columns of the determinant |a,,,, | are arranged in the
natural order of a and j, respectively. At the point x on the manifold M we
then consider the following curvature condition :

I(p) e — /2
(3.2) 818 nisnans ** Sypripnponp = 2Pk pAr py . ep,

- for all I(p), H(p) e (1, -- -, n), where &, is a smooth real-valued function on

the manifold M at the point x. For p = 2, this condition has been used by

Chern in [5]. From equations (3.2), (1.8), (1.9), (1.11) follows immediately
Lemma 3.1. For a fixed set of indices I(p) condition (3.2) implies

1 .
(3.3) 61(1») =7‘—‘p 2 A1y 1@ o

nipy |
3.9 Ky = (— ])p/zﬁpAl(m.I(p) >
and also equation (3.3) implies condition (3.2).

1 For the definition see also.[4].
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In particular, when a;; = §,;, then

(3.5) Alip).”(?) = Al(p),fl(p) ’
where
(3.6) di oy uepy = Iaiahﬂl (@, B=1,--,p),

and therefore equations (3.3), (3.4) are reduced to

(3.7 B1(py = Kp@1(p) >
(3.8) Ko = (— Dk,

Thus, from equation (3.8) we have

Lemma 3.2. Condition (3.2) with a;; = §,; implies that the p-th sectional
curvature K; ,,(P) at the point x of the manifold M is constant, that is, inde-
pendent of the p-dimensional plane P at the point x.

On the other hand, from equations (1.8), (1.11) it follows immediately that
cquation (3.7) implies equation (3.8). The converse is also true as was proved
by Thorpe [8], so that we can state, altogether,

Lemma 3.3. Equations (3.7) and (3.8) are equivalent.

For the converse of Lemma 3.2, we notice that [7, p. 238]

3.9 O1eop 1wy A 1oty »

where 8; ;. u(», is defined exactly in the same way as §}7{¥’, so that equation
(3.7) can be written as ) ‘

1
010 = =0 2 010021 (1@t ()
D: H(p)

(3.10)
1

=—%» 2 A1 n0n e -
D 1 (p)

A comparison of equation (3.10) with equation (1.8) yields immediately con-
dition (3.2) with a;; = §;;. By using Lemma 3.3 and combining the result
with Lemma 3.2 we hence obtain

Lemma 3.4. The p-th sectional curvature K, ,, of the manifold M at a point
x is constant if and only if condition (3.2) with a,; = d;; holds.

Lemma 3.5. On a Riemannian manifold M of dimension n, if condition
(3.2) holds for some even p and q with p + q < n, then

(3-11) 91(1“,(” =

_——"""'Cp'fq Z Al(p+q),ll(p+q)‘”ll(p+q)s
r+ 9! Hiprqr

so that condition (3.2) also holds for p + q with Kprq = Kpkq-
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Proof of Lemma 3.5. Let the set I(p + g) have distinct elements, and

(Il(p)v IQ(Q)) be a Partition of I(p + q): where Il(p) = (ilh ] ilp) and 12(q)
= (ip, - -, igg). Then, from equation (1.7),

i
9 * =TT 5’1(11)’::(‘1).’(2’:““" c .Qi i
(3'12) A (P + q)! “12'12) Ipra = /\ /\ 1,p-14p

AN Qmi‘_’z AN AVAN Qi?.q-ﬁ‘lq ’

where Y, denotes the summation over all such partitions of I(p 4+ q) into
(1, 12)

((p), I:(q)). For a fixed I{(p + q), let J(p + q) be an even permutation of
I(p -+ q) such that j‘[s M jp € Il(p)v jp+]’ B} jP+lI € Iz(Q)- By den0ting 'I,(q)
= (fpe1» =+ *»Jpsq) @nd using equation (1.8), from equation (3.12) we then
obtain

1
61(p+u) = mllzh'a.lli(/f))giuim VANCEINWAN Qi;,p-u‘.lp
(3.13) A 5.;2'((%))-91‘211‘22 ZANRREIVAN -Qiz.q-th
~_pra
BT R

On the other hand, by the Laplace expansion of the determinantA4, .., i
according to the first p rows we have

Z AJ(pwn.H(p+q)"-’ll(p+q)
(3.14) Hp+@
= 2 Asm.ana@nm N 2 Avgy @ @nea) s
H(p) g

where H'(q) = (hp.1, - -+ hy.,4). Substituting equation (3.3) in equation (3.13)
and using equation (3.14) we arrive at equation (3.11), and an application
of Lemma 3.1 hence completes the proof of Lemma 3.5.
By repeatedly applying Lemma 3.5 we can easily obtain
Corollary 3.5.1. Let p,,- - -, p. be even positive integers, and (m,, - - - ,m;)
k

a k-tuple of nonnegative integers such that ¢g = 3, m;p; < n. On a Rieman-
i=1

nian manifold M of dimension n, if condition (3.2) holds for p,, - - - p., then
if also holds for q with

Ky = ([cpl)'"l e (Ep,,-)mk .

Corollary 3.5.2. On a Riemannian manifold M of even dimension n if con-
dition (3.2) holds for some even p dividing n, then

(3.15) @,...,lz(xp)"’p}aij]m /\ s /\w,,,

where w; N\ -+- A w, is the element of area of the manifold M.
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Combination of Theorem 2.1 with Corollary 3.5.2 gives hnmedfately

Theorem 3.1. On a compact orientable Riemannian manifold M of even
dimension n if condition (3.2) holds at every point x for an even p dividing n,
and (— 1)**(x,)*'?|a,,| keeps a constant sign, then this sign is the sign of
the Euler-Poincaré characteristic y(M) of the manifold M. Moreover, under
this hypothesis, y(M) = O only when (x,)*'? | a;; | vanishes identically.

This theorem was obtained by Chern [5] for p = 2, and by Thorpe [8] for
Aij = 04 .

For studying Pontrjagin classes we need

Lemma 3.6. Equation (3.3) can be written in the following form:

(3.16) @1”,) = Kp(bil FANERIVAN d)ip7

where @&;, are linear forms defined by

(3.17) Bip = 3] Ginom @=1,---,p).
h

Proof. Let p,, p, be any two positive integers such that p, "+ p, = p. Then
by the Laplace theorem we can expand the determinant A4; ,,, ., according

to the first p, row. By using this expansion it is easily seen that all (5 terms
. . 1
of ¥\ A;p.1»y@n(p are equal so that we have
H{p) .
p!
2 Arpy o = — % I(pyy. H(pWH (p})
(3.18) H(p) D! D2l H(p)
A, , ‘epa) s
/\H’(Zp:z) I (pg) U (p2) DH' (pg)
where
(3'19) I’(p2) = (ipl+1, ] ip)s H’(pZ) = (hp,_+ls M hp) .

Repeatedly applying the same argument as above to both factors of the right-
hand side of equation (3.18) yields immediately equation (3.16).

Now we are in a position to prove the following theorem concerning the
general curvature conditions for the vanishing of the Pontrjagin classes.

Theorem 3.2. On a compact orientable Riemannian manifold M of dimen-
sion n if condition (3.2) holds at every point x for an even p < n, then the
k-th Pontrjagin class P.(M) of the manifold M is zero for all k > p/2.

This theorem is due to Chern [5] for p = 2, and to Thorpe [8] for a;; = §;;.

Proof. At first we consider the case p < 2k < 2p. Let (I,(p), 1.(2k — Dp))
be a partition of a fixed I(2k), and J(2k) an even permutation of I(2k) such
that jls ST jp EIl(P), jp+1’ M } jzk EIZ(Zk - P) By denc’ting J’(2k - p)
= (Jpe1> *  *» I2x), from equation (3.13) we have
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'k — p)!

where }, denotes the summation over all such partitions of I(2k) into
W,J"N

J(p), J'(2k — p)). By using condition (3.2) for p and Lemmas 3.1 and 3.6,
equation (3.20) is reduced to

12k — p)! N .
G.2l) O = L((—z‘k‘)‘r@_"f’(,zj,)“’h Ao Ny A Bz

where @;, are linear forms defined by equation (3.17), so that &z, A O;a,
is a sum, each term of which contains an exterior factor

(3.22) Bi A NG ANBy A -0 A Gy

1

where each subscript j € I(2k). Since 2k < 2p, at least two of these j’s must
be equal, and therefore each of such factors (3.22) is zero. Thus 6, .,
A B2, = 0 for all I(2k). By Theorem 2.2 we hence obtain P,(M) = O for
all k with p/2 < k < p.

Since condition (3.2) is assumed to hold for p, by Corollary 3.5.1 it also
holds for 2ip(i = 1, 2, - - -). Applying the same arguments as above we there-
fore have .

PAM)=0 (2 p<k<2p;i=1,2,-.).

Hence P, (M) = 0 for all k > p/2, and the theorem is proved.
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